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RIESZ TRANSFORMS THROUGH REVERSE HOLDER AND 
POINCARE INEQUALITIES 

FREDERIC BERNICOT, DOROTHEE EREY 

Abstract. We study the boundedness of Riesz transforms in for p > 2 on a 
doubling metric measure space endowed with a gradient operator and an injective, 
w-accretive operator L satisfying Davies-Gaffney estimates. If L is non-negative 
self-adjoint, we show that under a reverse Holder inequality, the Riesz transform 
is always bounded on U’ for p in some interval [2, 2 + e), and that gradient 
estimates for the semigroup imply boundedness of the Riesz transform in L‘> for 
q £ [2,p). This improves results of [7] and [5], where the stronger assumption of 
a Poincare inequality and the assumption e“*^(I) = I were made. The Poincare 
inequality assumption is also weakened in the setting of a sectorial operator L. 

In the last section, we study elliptic perturbations of Riesz transforms. 


1. Introduction 

The LP boundedness of Riesz transforms on manifolds has been widely studied in 
recent years. The Riesz transform has to be thought of as “one side” (or one half) 
of the commutator between two hrst order operators: the gradient, coming from 
the metric structure of the underlying space, and the square root of a second order 
operator under consideration (e.g. the Laplace-Beltrami operator on a Riemannian 
manifold). Thus, Riesz transform bounds allow to compare the two corresponding 
hrst order homogeneous Sobolev spaces. The aim of this article is to give new 
sufhcient criteria for the boundedness of Riesz transforms in for p > 2, and to 
study its stability under elliptic perturbations. 

Before describing our results in detail, let us introduce the setting and some 
notation. 

1.1. Setting. Let {X,d) be a locally compact separable metric space, equipped 
with a Borel measure fi, hnite on compact sets and strictly positive on any non¬ 
empty open set. For a measurable subset of A, we shall denote /i (fl) by |fl|. 
For all X G A and all r > 0, denote by B{x, r) the open ball for the metric d with 
centre x and radius r, and by V{x,r) its measure \B{x,r)\. For a ball B of radius 
r and a real A > 0, denote by XB the ball concentric with B and with radius Ar. 
We shall sometimes denote by r{B) the radius of a ball B. We will use u < u to 
say that there exists a constant C (independent of the important parameters) such 
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that u < Cv, and m ~ n to say that u < v and v < u. Moreover, for ^2 C X a 
subset of finite and non-vanishing measure and / G ^), f dfi = J f dfi 

denotes the average of / on f]. 

From now on, we assume that (X, d, /i) is a doubling metric measure space, which 
means that the measure fi satisfies the doubling property, that is 

(VD) V(x,2r) < V(x,r), V a: G X, r > 0. 

As a consequence, there exists z/ > 0 such that 

(VD^) ^ s), V r > s > 0, a; G X, 

We abstractly dehne a gradient operator F, in terms of which we express first 
order regularity on the metric space. 


Assumptions on F. Assume that there exists a sublinear operator F, with dense 
domain X C L^(X, /i). Assume that T is a local operator, which means that for 
every f E X, 

suppF/ C supp /. 

Moreover, assume that F satisfies a relative Faber-Krahn inequality, that is for 
every ball B of radius r < 6 diam{X) with some <5 < 1, and all f E X supported in 

B, 

( 1 . 1 ) . 

We then consider an unbounded operator L on Lfi{X,p) under the following 
assumptions. 


Assumptions on L. Assume that L is an injective, oj-accretive operator with 
domain V C X in L^(X, p), where 0 < ca < 7r/2. Assume that for all f eV, 

(R 2 ) Iir/ii2<iin/yii2. 


Assume that L satisfies Davies-Gaffney estimates, which means that for every 
r > 0 and all balls of radius r 


{DG) 




— 


By our assumptions, L is an injective, maximal accretive operator on L‘^{X,fi), 
and therefore has a bounded functional calculus on Lfi{X,p). The assumption 
VJ < '^ implies that —L is the generator of an analytic semigroup in L^(X, p). See 
[H [33] for definitions and further considerations, and Section [2] for examples. 


We will assume the above throughout the paper. We abbreviate the setting with 
(X,p,F,L). 


1.2. Notation. For a (sub)linear operator T and two exponents 1 < p < g < 00 , 
we say that T satisfies off-diagonal estimates at scale r > 0 if there exist 

implicit constants such that for all balls i?i,i ?2 of radius r and every function 
/ G U’{X,p) supported in Bi, we have 



\ 1/9 

\TfVd^^\ 


^ exp 


/ d\B^,B2)\ 
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Denote 


Pl := inf [p G (1, 2]; for all t > 0, e satisfies U’-L? off-diagonal estimates} , 
p^ := sup {p G [2, cx)); for all t > 0, satisfies off-diagonal estimates} . 

We assume that pi ^ 2 and p^ ^ 2. 

By composing off-diagonal estimates, it follows that for every p,q E {pl,P^) with 
p < q, the semigroup satishes W-L^ off-diagonal estimates. We deduce that 
for every p G {pl,P^), 

sup < oo, 

t>o 

and (e“*^)i>o is bounded analytic on L^{X, p), see [151 Corollary 1.5]. In particular, 
it means that {tLe~^^)t>o is bounded on U‘{X^p) uniformly in t > 0. 

For p G (1, cxo), one says that {Rp) holds if the Riesz transform TZ ;= VL~^R is 
bounded on L^(X,/i), which means 

(Rp) l|r/||,<||L''y||„ v/£p, 

and that estimates {Gp) on the gradient of the semigroup holds if 
(Gp) sup ||\/tre"*^||p^p < -|-oo. 

t>0 


We refer the reader to [7] for the introduction of this notion, and where the inves¬ 
tigation of the link between (Gp) and {Rp) has started. In the following, whenever 
we talk about (Gp), we shall implicitly assume p G {pl,P^)- 


Let us now formulate scale-invariant Poincare inequalities on L^(X, p), which 
may or may not be true. More precisely, for p G [1, -l-cxo), one says that (Pp) holds 
if 

(Pp) {h^-£fd^L\>‘d^L)'’’<r{£\rf\rdX\ V/£.F, 

where B ranges over balls in X of radius r. Recall that (Pp) is weaker and weaker 
as p increases, that is (Pp) implies (Pg) for q > p, see for instance [30] . The version 
for p = CX) is trivial in the Riemannian setting. 

1.3. Main results and state of the art. As started in [7], it is natural to study 
the connection between gradient estimates (Gp) and the boundedness of the Riesz 
transform (Pp). It is easy to see that for every p G (pl,P^), (Pp) implies (Gp) by 
analyticity of the semigroup in L^{X,p). For p = 2, we have dPS) by assumption, 
and therefore also (G 2 ). Following [2T1[T11|3T], it is known that (Gp) and (Pp) also 
hold for every p G (p^, 2). 

But the following question still remains open: 

Question A. For p G {2,p^), does (Gp) imply {Rp) or at least {Rg) for every 
q G (2,p)? 

This question is still open in the general framework we are considering here, 
and no counter-example is known. We refer the reader to the last paragraph of 
Subsection 12.11 where we describe two situations where (Gp) is known but not (Pp). 
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So it is a very deep question to understand which extra property (or maybe none) 
is sufficient / necessary to deduce (Rp) from (Gp). 

In [7], a positive answer has been obtained under the additional assumption of 
the Poincare inequality (P 2 ) and the conservation property. Here, we say that L 
satisfies the conservation property, if = 1 for all f > 0 (j^), and that P 

satisfies the conservation property, if for every cj) ^ R, one has P0 = 0 on every ball 
B such that 0 is constant on B. With our notation, the result in [7] states as 

Theorem ([7]). Let {X, p,,V, L) he as in Section [7T71 Assume {P2), P^ = 00 , and 
assume that L and P satisfy the conservation property. Suppose p G (2, 00 ). If {Gp) 
holds, then {Rq) holds for every q G (2,p). 

However, in order to have {Rp) for some p > 2, it is known that neither (P 2 ) 
is a necessary assumption, as the example of im for the two copies of M"’ glued 
smoothly along their unit circles shows, nor is the conservation property, as the 
example of some Schrodinger operator shows. 

In the present work, we shall push the argument of [7] further by weakening these 
two assumptions (P 2 ) and conservation property. We consider two situations, first 
the more specific situation of a non-negative, self-adjoint operator, and then, in a 
second part, the situation of a sectorial operator as described above. In both cases, 
we are able to relax on the assumptions imposed in [7]. 

Let us first discuss the case of non-negative, self-adjoint operators L. Here, we 
can in particular make use of the fact that the assumption flPGj) is equivalent to 
the finite propagation speed property of y/T. This fact was observed in [3H], and it 
was used there in order to study the boundedness of the Riesz transform for p < 2, 
as well as for p > 2 on 1-forms. We then introduce a property {RHp) (see Definition 
12.Sp . which describes a reverse local Holder inequality for the gradient of harmonic 
functions. This property already appeared in [27] for the solutions of elliptic PDEs. 
In the context of Riesz transform bounds, it was already used in various results for 
Schrodinger operators [101 El ES] , and in [B] for the Laplace-Beltrami operator on a 
Riemannian manifold. In Subsection 13.41 we prove the following. 

Theorem 1.1. Let {X, fi,r, L) be as in Section \1.1[ Assume that L is a non¬ 
negative, self-adjoint operator, withp^ > u or with the additional assumption fl2.6p . 
Suppose p G (2,p'^). If (Gp) and (RHp) hold, then (Rq) holds for every q G (2,p). 

Following [121 Theorem 6.3], we know that if L and L satisfy the conservation 
property, the combination (Gp) with (Pp) for some p > 2 implies (^ 2 ), and so 
implies (Rq) for every q G (2,p) by [7]. 

Since we will also check that (Gp) with (Pp) (and in particular (P2)) implies 
(RHp) (see Proposition 13.9p . this new result improves [7]. Moreover, we remove the 
assumption of the conservation property. This allows to apply the result to e.g. 
Schrodinger operators. However, Question A still remains open in its generality, 
since for the two glued copies of M” with its Riemannian gradient and the Laplace 
operator, we have (Gp) and (Rp) for p G (l,n), but a simple argument shows that 
(RHp) is not satisfied for p > 2 (we leave it to the reader to check this). 

^We remark that the assumption (IZtCI) allows to define as an operator from L°°(X,fi) to 

LL(X,p). 
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Theorem 11.11 will be proved by an extensive use of harmonic functions and a fun¬ 
damental lemma, which allows to locally “approximate” (in some sense) a function 
by a harmonic function, see Lemma 12.101 

With similar methods, we can then also give a partial answer to the following 
question. 

Question B. Suppose p G [2,p^). Under which condition does {Gp) imply {Rp+e) 
for some e > 0? 

It is clear that in general, {Gp) cannot imply (i^p+e) without any additional 
assumption. A counterexample is again the example of the two glued copies of 
For 77, = 2, it is known that for every p > 2, {Rp) does not hold, but {R 2 ) and (G 2 ) 
hold trivially. In Subsection 13.21 we prove the following sufficient criterion. 

Theorem 1.2. Let (X,/i,r,L) he as in Section \1.1\ with both T and L satisfying 
the conservation property. Assume that L is a non-negative, self-adjoint operator. 
If (Gp) and {Pp) hold for some p >2, then there exists £ > 0 such that {Rp+e) o,nd 
{Gp+e) hold. 

Then in the second part (Section 0]), we will focus on the situation where the 
operator L is only sectorial and not necessarily self-adjoint. We show 

Theorem 1.3. Let (X,/i,r,L) he as in Section lLH with the conservation property 
for L and T. Suppose p E {2,p^). If {Gp) and {Pp) hold, then {Rq) holds for every 
q E {2,p). 

In such a situation, it is unknown if {Gp) together with {Pp) implies (^ 2 )- The 
proof of this statement in [T^ Theorem 6.3] relies on the self-adjointness of the 
operator, which is used through the hnite propagation speed property to deduce a 
perfectly localised Caccioppoli inequality. So as far as we know, the assumptions 
are actually weaker than those in [7]. 

In the last section, we hnally show that reverse Holder inequalities in L^ are 
stable under small elliptic perturbations for p close to 2. 

Theorem 1.4. Let (M, p) be a doubling Riemannian manifold with V the Rie- 
mannian gradient and A the Laplace-Beltrami operator. Assume that the heat ker¬ 
nel o/(e*^)t>o satisfies pointwise Gaussian estimates. If the reverse Holder property 
{RHq) holds for — A and for some q > 2, then there exists e > 0 such that for every 
p E {2,2-\-e) and every map A with ||A —/d||oo < £ and La = — V*AV self-adjoint, 
the properties {RHp) and {Rp) are satisfied with respect to the operator La- 

2 . Examples of Applications and Preliminaries 

2.1. Examples and Applications. 

• Dirichlet forms and subdomains. 

Let (M, d, u) be a complete space of homogeneous type as above. Consider 
a self-adjoint operator C on L‘^{M,p) and consider £ the quadratic form 
associated with £, that is 

^{f,9)= [ fPgdv. 

J M 
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If is a strongly local and regular Dirichlet form (see [2H [29] for precise 
definitions) with a carre du champ structure, then with F being equal to 
this carre du champ operator, (|i? 2 D and fliJGp hold. In particular, this is the 
case if (M, d, v) is a Riemannian manifold with L its non-negative Laplace- 
Beltrami operator and F the length of the Riemannian gradient. 

We consider the two following situations: 

(a) Consider the global situation {X, d, p, L) = (M, d, u, C). In such a case, 

(DUE) 


iUE) 


(b) Local situation with Dirichlet boundary conditions. Given an open sub¬ 
set U C M, we can also look at the heat semigroup in U with Dirichlet 
boundary conditions. So consider Cu the operator with domain 

Vu := {/eP(£), supp(/)cf/}. 

Then it is known that Cu generates a semigroup in L‘^{U, v). 

However, it is important to emphasise that due to the Dirichlet bound¬ 
ary conditions, the conservation property does not hold for £[/! 

If the domain U is assumed to be Lipschitz, then under flDKEp for 
the underlying space, it is known that the semigroup associated with 
Cjj has also a heat kernel with Gaussian pointwise bounds and so 
(PCujP^^) = (l)Oo)- Moreover the (eventual) Poincare inequality (P 2 ) 
on the ambiant space (M, d, u) can be used to study the balls inter¬ 
secting the boundary dU (as done in e.g. [23 HO]). In particular, it is 
proved that if (M, d, u) satishes (P 2 ) and U is Lipschitz, then for some 
p > 2 a reverse Holder property {RHp) holds for L = Cu, as well as 
{Gp) and (Pp). 

Assume that (M, d, u, C) is doubling and satishes a Poincare inequality 
(P 2 ) with flPPPp . Consider P C M an unbounded inner uniform open 
subset (see [22] for a precise dehnition), which includes the case of 
Lipschitz domains. Then [29] Theorem 3.12] shows that U equipped 
with its inner structure is also doubling. In order to get around the fact 
that Lu is not conservative, we can use the h-transform (as described 
in [22]): let h > 0 be a reduite of \J (which is a positive solution on \J 


the typical upper estimate for the kernel of the semigroup is 

1 


Pt{x,y) 


< 


V t > 0, a.e. x,y & X. 


V{x,y/i)V{y,y/i) 

Under (lUPD . (IPPP|) self-improves into a Gaussian upper estimate 


Pt{x,y) 


< 


V{x, y/t) 


exp —c 


d^{x,y) 


V t > 0, a.e. x,y E X. 


See [23 Theorem 1.1] for the Riemannian case, [22] Section 4.2] for a 
metric measure space setting. This yields {pc,P^) = (l,oo), and the 
Faber-Krahn inequality fll.ip holds. 

In such a situation, the operator L satishes the conservation property 
[29] , and the space {X, d, y) may or may not satishes a Poincare in¬ 
equality (Pp). 
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of Ch = 0 with Dirichlet conditions) and consider the operator 

= h-^Cuihf) 

with domain 

p[4] := {/ e L\U, h^dfi), hf e Vu}. 

Then is self-adjoint with respect to the measure h^dfi and satisfies 
the conservation property. According to ESI. this structure defines a 
strongly local and regular Dirichlet form with a Poincare inequality (P 2 ) 
with respect to its carre du champ P := | V|. Moreover the semigroup as¬ 
sociated with has also a heat kernel with Gaussian pointwise bounds 
(relatively to the measure h?d^) so that = (1, cxo) (see [29]). 

So by our Theorem 13.61 there exists £ > 0 such that {Rp) holds for 
p G [2, 2 -|- e) which means 

which corresponds to the L^(17,/i^d/i)-boundedness of Vh~^Cu^^‘^{h-). 
Moreover, we also have (RHp) for p > 2 close to 2. 

• Schrodinger operators. 

If (M, d, /i) is a doubling Riemannian manifold with V the Riemannian 
gradient, we may consider the Schrodinger operator L := —V*V -|- V as¬ 
sociated with a potential V. Let us focus on the case R > 0, otherwise 
the situation is more difficult and we refer the reader to [21 [3] (and refer¬ 
ences therein) for some works giving assumptions on V to guarantee the 
boundedness of the Riesz transform. If V is non-negative and belongs to 
some Muckenhoupt reverse Holder space, then boundedness of the Riesz 
transform has been obtained in ^0115]. 

For R > 0, we may consider P given by 

r(/) = (|V/P + V'|/Q‘'" or r(/) = |v/|. 

Moreover, if l\DUE\} holds on the heat semigroup generated by —V*V, then 
it also holds for L, hence {pl,P^) = (1, C)o). 

Because of the potential R, the operator L does not satishes the conserva¬ 
tion property. If (M, d, p) satisfies the Poincare inequality (P 2 ) with respect 
to V, then it can be proved that L satishes a (RHp) property for some p > 2 
and with P = |V| (see Proposition I3.10p . 

As an application of Theorem 13.141 we deduce the following result. 

Theorem 2.1. Assume that {M,d,p) is a doubling Riemannian manifold 
satisfying (\DUE\} and (P 2 ). Then for every potential R > 0 there exists 
e > 0 such that for L = — V*V -I- R and P = |V|, we have (RHg) as well as 
(Gq) and (Rq) for every q E {2,2 + e). 

It has to be compared with [18] where a negative answer for {Gp) (and 
so (Pp)) is given for p > z/ if the operator L has a positive ground state 
function. 
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Second order divergence form operators. 

Consider a doubling Riemannian manifold (satisfying ( VD ^, )), 

equipped with the Riemannian gradient V and its divergence operator div = 
V*. To d = A{x) a complex matrix-valued function, dehned on M and 
satisfying the ellipticity (or accretivity) condition (see Section [S] for details), 
we may define a second order divergence form operator 


L = LaI := -div(dV/). 

Then L is sectorial and satishes the conservation property but may not be 
self-adjoint. 

In this case, the reverse Holder property (RHp) for some p > 2 is implied 
by {P 2 ), see [271 Chapter 5, Thm 2.1], We refer the reader to Section [S] 
where a stability result (with respect to the map A) is shown for the reverse 
Holder property. 


• Examples where {Gp) is known. 

We shall give here two examples of situations where {Gp) is known for some 
p > 2 . However {Rp) is still unknown, which motivates to ask Question A. 

(a) Consider V a non-negative potential on M and define on (equipped 
with its Euclidean structure), the operator for x = {xi,X 2 ) G 

Lf{x) = -A/(x) + V{x 2 )f{x). 

Then L generates a semigroup, which has a heat kernel satisfying Gauss¬ 
ian bounds. For T = , since V is very nice along the first coordinate, 

it is natural to ask for the boundedness of TL~^R. Such a bounded¬ 
ness is unknown and does not seem to be trivial, since makes 

interact the action of L on the two coordinates. However, it is sur¬ 
prising to observe that {Gp) easily holds for every p G [l,cxo]. Indeed, 
since Li := and L 2 := + V{x 2 ) commute, we then have 

g-tL _ Q-tLi ^ £-*^2 

||\/tre"*^||p^p < \\Vid:,,e~^^^\\p^p\\e~^^^\\p^p 

which is uniformly (with respect to t) bounded. 

(b) On M"’, consider a second order operator 

| a |<2 

given by bounded measurable complex coefficients Ca, depending on 
X. For some q > 2, assume that the L'^ domain of —L is the clas¬ 
sical Sobolev space Dg{—L) = 1F^’'^(M”) and also is the generator of 
an analytic semigroup {e~^^)t>o in Then [35l Theorem 3.1] shows 
that a local version of {Gg) holds (with T = V). In this context, L'^- 
boundedness of some local Riesz transforms is unknown. 


2.2. Preliminaries. We start by recalling some technical results, which will be 
needed later. 
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We denote by A4 the Hardy-Littlewood maximal operator, defined for / G 
jj) and x E X hy 

(2.1) Wl/(x) := sup -/ I/I d/r, 

BBx J b 

where the supremum is taken over all balls B <Z X with x E B. For p E [1, +cxo), we 
abbreviate by M.p the operator defined by Mp{f) := f E Ll^^(X,p). 

Note that Xi is bounded in L‘^(X,p) for all q E (l,+oo], cf. [IHl Chapitre III], 
Consequently, Xip is bounded in L'^{X,p) for all q E (p, +oo]. 

Let us recall Gehring’s result [25] which describes a self-improvement of inequal¬ 
ities involving maximal functions. 


Theorem 2.2. Let {X,d,fi) be a doubling space. Let l<p<q<oobe two 
exponents and f E L\^^{X,p) such that for some constant C>0,l<a<(3<2 
and a ball B we have for almost every x E 2B 

< C sup f-f l/F dp 

X&QCPB \Jq 

Then there exists e := £{C,p, q, a, /9, z/) > 0 such that f E L'^~^^{B) and 

/ f \ l/lQ+e) / r \ 1/P 

The original result is due to Gehring [2^ Lemma 2], with a modification in [261 
Appendix] which emphasises the restriction to sub-balls Q instead of global maximal 
functions. There is a large amount of literature on the topic, with extensions to 
various settings ([271 E2] and also [36]). The proof relies on a suitable Calderon- 
Zygmund decomposition. 

Let us also recall the following equivalence between weak and strong Poincare 
inequalities (combining [SO] Theorem 3.1] and [M]L 

Theorem 2.3. Let (X, p, T, L) be as in Section flTTl Let p E (1, oo) and let f E X. 
The (strong) L^ Poincare inequality {Pp) for f is equivalent to the weak version: 
there exists A > 1 such that 

(«>-A) ■I'*'*!''*'*) * ~ ’■ ir/l"'*/*) *. 

where B ranges over balls in X of radius r. 



sup 

x€Qc2QCaB 


l/N/i 


Q 


We also recall the following (well-known) fact about Poincare inequality (see for 
instance m Theorem 5.1], [23l Theorem 2.7] for similar statements). 

Lemma 2.4. Let {X,d,T) ® doubling metric measure space with As¬ 

sume that (Pp) holds for some I < p < -|-oo. Then if q E {p,+oo) is such that 

^ ~ <1? Ihe following Sobolev-Poincare inequality holds: 






(-f I/-/ fdpl'^dp] 

\J Br J Br / 


\ 1/9 


< 


\ 1/P 

\Tf\Pdp) . 
Br J 


for all f E X, r > 0, and all balls Br with radius r. 
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We will use the following extrapolation result ([7], [101 Theorem 3.13]). 


Proposition 2.5. Let {X,d,fi) be a doubling metric measure space. Let be 

a family of linear operators, uniformly bounded in Lf{X,p). Let T be a sublinear 
operator which is bounded on L‘^{X,p). Assume that for some q G (2, +oo), every 
ball B of radius r > 0 and every f G L?{X,p), we have 

• Lf-B^ estimates ofT{I — A^): 


( 2 . 2 ) 


\ 1/2 

|T(/-^)/|> <infAf2(/)(x); 

B J ^65 


(2.3) 


estimates ofT{Ar): 

\ i/g 


\TAJ\^dfr < inf [M 2 {Tf){x) + 
B J 


Then, for every p G (2,g), T is bounded on LP{X,fi). 

Let us state a technical result, which describes how a higher order of cancellation 
with respect to the operator L allows us to gain integrability through off-diagonal 
estimates. 

Lemma 2.6. Let p G [2,p^), and let K > Then for every ball B of radius r > 0 
and every function f G L‘^(X,/a), we have 

\ i/p / r \ 1/2 

\{r^Lfe-^^^f\^dyi] < snp { f \f\^ dp) , 

/ QDB \Jq j 

where the supremum is taken over all balls Q containing B. 

Proof. We write K = M — p with M > 1 an integer and p G (0,1]. Let i? be a ball 
of radius r and / G LP‘{X,p). Using a Calderon reproducing formula, we can write 


(2,4) 




r>oo / „2 \ M—p 




Now recall by analyticity of the semigroup, {tL)^e~^^ also satishes off- 

diagonal estimates. This yields that for s < r^, the operator [r'^L)^ 
satishes Lf-L^ off-diagonal estimates at the scale r, so 


\ i/p / r \ 1/2 

|(r"L)"e-<*+' IDl'’<i;i < sup / . 

/ qds \Jq / 


Consequently, 


P / 2 \ ^-p \ 

2 

, ^ ^ n / r 

14 - \{r^ ! 


< 

r\j 


'0 


l/p , / /. ^1/2 

‘ ‘ \{r^L)^e-^^^^"^^f\^dp\ - < — ' / 


B 


.. sup T I/I dp 
S qdb \Jq 
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For s > on the other hand, {sL)^e satishes L^-L^ off-diagonal estimates 

at the scale s > r^. Denoting by -B = D B the dilated ball, we obtain in this 
case 



This gives for M > ^ -|- p 



Putting the two parts together yields the conclusion. 


□ 


2.3. Harmonic functions. Let us hrst rigorously describe what we mean by har¬ 
monic functions. First note that the map 

£U\9) ■■= (LLg) 

is a sesquilinear form dehned on 'D(L). If L is self-adjoint, then it can be extended 
on and so in particular in B. 

Definition 2.7. Let u G B he a hall. We say that u is harmonic on 

B if for every (j) G supported on B, one has 

S{u, (f) = 0. 


Definition 2.8. Suppose po G (2, cxo). We say that the reverse Holder property 
) holds if for every hall B of radius r > 0 and every function u E H which is 
harmonic on 2B, one has 





\Tn\’^dfi 


\ 1/po 


j 


< 

rsj 



Remark 2.9. By the self-improving of the RHS exponent of a reverse Holder in¬ 
equality (see [12], Appendix B]j, we deduce that a reverse Holder property {RHp^) 
for somepo > 2 implies a Lf-L'^° reverse Holder property: for every hall B of radius 
r > 0 and every function u E H which is harmonic on 2B, one has 

(JjTurdfj 


First of all, harmonic functions will play a crucial role, so let us detail the main 
tool which allows us to approximate a function with a harmonic function. 


Lemma 2.10. Let (X, p, F,L) he as in Section [7771 with L non-negative and self- 
adjoint. Let f E R and consider an open hall B C X. Then there exists u E H 
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such that f — u & is supported in the ball B and u is harmonic in B. Moreover, 
we have 

\ 1/2 


(2.5) 


<rU\Lfpd^'\ 

' r \ 1/2 / r \ 1/2 / /• \ 1/2 

<IJ-jTf\^dfvj +rlJ-jLf\^dfvj 


We follow the same scheme as in [121 Lemma 4.6], where a proof was given in 
the particnlar setting of a Dirichlet form. We explain here how can we extend it to 
the current more general framework. 

Proof. Consider the space of functions 

;= {0 e C supp(0) C 5} C J^. 

Then, due to fll.ll) and the local character of operator T, the application 

Il0llw •= II-L^'^^0 ||l2 > \\T(P\\l2(^s) 

dehnes a norm on "H. Consequently, PL equipped with this norm is a Hilbert space, 
with the scalar product 

(01, 4>2)n ■= 02)- 

Since / G "D, the linear form 

7:0^ {Lf, 0) 

is continuous on PL. Indeed, we have by fll.ip 

b{4>)\ ^ \{Lf,4>)\ <r Uuff df] ' ||r.),|U,,B,. 

By the representation theorem of Riesz, there exists v ^ PL such that for every 

Sen 


'/Lf^/L(j)dp, = 8{v,(j))= / VT/vVT/cfdfi. 


IB 


We set M := / — n so that v = f — u being in n is supported in B. Moreover for 
every 0 G "H, 0 is supported in B so the previous equality yields 

£^( m ,0) = j VT/f'/Zcfdfi — J '/Lv'/Lcfdjj. = 0. 

So u is harmonic in B. 

Then observe that since f — u is supported in B and u is harmonic on B by using 
(IR 2 D , we have 

|r(/-M)|2d/i~ ^||\/T(/~ ^£{f -uj-u) 


B 


\B\ 


LB 


Since f — u e LF is supported on B, Property fll.ll) yields 

\ 1/2 


£(/. f-n)< r U ILWdf] ||r(/ - 
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which gives 


and so fl2.5p . 


£\r{f - u)\'‘d^'] ' <r 




□ 


In the previous result, the last quantity in (12.5p may be removed if we make an 
extra assumption. 

Lemma 2.11. Let {X, fi,r, L) be as in Section [7771 with L non-negative and self- 
adjoint. Assume in addition that for every f eV, every ball B and every function 
g E J- supported in B 


(2.6) |(L/,^)|<||r/|U.(^)||r^?IU.(^). 


Then for every / G P and every an open ball B G X, there exists u E X such that 
f — u E X is supported in the ball B and u is harmonic in B, that is, for every 
(j) E X supported on B 

£{u, (f) = 0. 


Moreover, we have 


(2.7) ' + (^£\Tufdfj ' < (^£\Tffdfj ' 


We let the reader check that the exact same proof as the one of Lemma 12.101 
holds, except that now we can directly control the linear map 7 with 

r- \ 1/2 

ir^rd/i 


|7(0)I = \{Lf,(j))\ 


< 

r\j 


'B 


' B 
1/2 


\ 1/2 

ir/rd/ij 


'B 




ir/l^d/i min- 


Remark 2.12. The new assumption fl2.6p can be thought of as a sharp localised 
reverse Riesz ineguality in L^(M, p). It is in particular satisfied for second order 
elliptic operators L of divergence form, with T being the length of the gradient. 


3. Boundedness of Riesz transforms of self-adjoint operators 

UNDER REVERSE HOLDER PROPERTY 

In this section, {X, p, L, L) will be as in Section fTTI with the additional assump¬ 
tion that L is self-adjoint in Lf{X,pi). 

3.1. About finite speed of propagation. We first need some technical results 
on specihc approximation operators having hnite propagation speed. We recall that 
for a non-negative, self-adjoint operator L on Lf{X,p), Davies-Gaffney estimates 
OUGp for the heat semigroup are equivalent to the fact that the solution of the 
corresponding wave equation satisfies the hnite propagation speed property. See 
e.g. [SB] and [521 Section 3]. The self-adjointness allows us to work with a better 
functional calculus than just H°° functional calculus, namely functional calculus 
based on the Fourier transform. As investigated in [9] , this calculus interacts nicely 
with the hnite propagation speed, and yields sharper oh-diagonal estimates for 
operators generated by the calculus. 
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Lemma 3.1. For every even function (p G iS(M) with supp(^ C [—1,1] and every 
r > 0, the operator (p{r'/L) propagates at distance at most r. That is, for all 
f G L^{X, /i) with supp f F E F X, one has 

supp(<p(r\/L)/) C {x G X : d{{x},E) < r}. 

Moreover we have the following off-diagonal estimates: for all Borel sets E,E O 
X, we have 

(3.1) \\p>{rVL)\\L2^E)^L^F) <max|l- , 

and 

(3.2) \\rTp){r\fL)\\L2(^E)^L^{F) < max |l - . 

Assume in addition {Gpf) for somepo G (2, cx)]. Then for every p G (2,po); we have 
L^-LP off-diagonal estimates: for every pair of balls Bi, B 2 of radius r > 0, we have 

\\rTip{rVL)\\L2(Bi)^LPiB2) ^ |5i|p"2niax|l - . 

Proof. The first statement on p>(r\/L) and the estimate fl3.1l) follow from the Fourier 
inversion formula and the bounded Borel functional calculus of \/L, see [HI Lemma 
4.4]. The estimate fl3.2p then follows from fl3.ip . the assumption {G 2 ) and the fact 
that T is supposed to be local. For the proof of Lf-L^ off-diagonal estimates for 
ip{r\/Tj), we use that thanks to real time off-diagonal estimates and the analyticity 
of (e“*^)i>o in L^(X,p), q G {pl,P^), we have complex time B^-Lp off-diagonal 
estimates for the semigroup. The Lf-PP estimates on p>(r'/L) then again follow 
from the Fourier inversion formula. Now assume (Gpo) for some po G (2, cxd]. Under 
this assumption, one has complex time B^-Lp estimates for {■\/tVe~^^)t>o, see e.g. 
[U Proposition 3.16] for a proof. One can once more apply the Fourier inversion 
formula, and obtains the last estimate of the lemma. □ 

We may now prove the following version of Lemma 12.61 

Lemma 3.2. Suppose p^ > v, and let p G \2,p^). Let G iS(M) he an even 
function with supp(p C [—1,1], Then for every ball B of radius r > 0 and every 
function f G L^(X,/i), we have 

rVL^{rVL)ff dp) < sup (-f \ff dp) , 

/ QZ)B \Jq J 

where the supremum is taken over all balls Q containing B. 

Proof. Let p G {f,p^). Write for M G M with M > 10 

Zifiz) = z(l + Z^)-^{1 + z^)^ip{z). 

Note that under our assumptions on ip, for every K eN the function z i-G- z‘^^ip{z) G 
i5(R) is even with compact Fourier support. We can therefore apply Lemma [3.II to 
{1+z'^)^ip{z) and get L‘^-Lf off-diagonal estimates for {I+r‘^B)^ip{ry/B) of the form 
fl3.ip . On the other hand, we know that with (J -|-r^L)“^ also (r^L)^/^(J + r‘^L)~^ 
satishes L^-PP off-diagonal estimates of order N := ^ + |(1 — 1), see e.g. [H 
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Proposition 5.3]. Combining the two estimates gives L'^-U’ off-diagonal estimates 
of order N for ry/Lip{r^/L). We therefore get 


B 


\rVT/(p{rVTj)f\^ d/i j 


\ 1/2 


< 


< 

rsj 


i/p 


rVTj(p{ry/L)ff dfi 

\J B / 


\ 1/2 


< 


5:2 

i>o 


-i( 2 N-|) 


l/pd/i 


23 B 


1/2 


^ sup 

QdB 


Q 


\ 1/2 


where we used N > ^ (since p > u) in the last estimate. 

3.2. Poincare inequalities and gradient estimates. 


□ 


Proposition 3.3 Caccioppoli inequality). Let {X, p,,T, L) as in Section [7771 
with L self-adjoint. Assume (Gp) for some p G [2, -|-oo]. Then for every q G {pl,p] 
and every integer N, 

\ 1/9 


(3,3) 


\ 1/9 

\rf\W < 


\ 

i/rd/i + 

2Br / 


2Br 


for all f G T){L^) and all balls Br of radius r. 


The result was shown in [T^ Proposition 5.4] in the case iV = 1. The proof for 
general G N is similar, we give a proof here for the sake of completeness. 

Proof. Consider an even function p G iS(M) with supp(p C [—1,1] and (p(0) = 1. 
Consequently, (^'(0) = 0, and z i-A- z~^ip'{z) G iS(M) is even with Fourier support in 
[—1,1], cf. [HI Lemma 6.1]. Fix a ball B of radius r > 0, an exponent q G (l,p] and 
split 

/ = p{r\fL)f + (/ - ip{rVL))f. 

Since (p(0) = 1, one has 

nr 

(/ — p{ry/L)) = / VT/if'(sVT/) ds. 

Jo 

Using the hnite propagation speed property applied to the functions p and 2 ; i-A 
ip'{z), we have that both ip{r\fL) and (r^L)“^(l — ip{r\fL)) satisfy the 
propagation property at a speed 1 and so propagate at a distance at most r. The 
same stills holds by composing with the gradient. Hence, 


(3.4) 


l|r/l|L,(B)<||W(rVL)||,^,||/||„,2B, 

+ ||r(l -v>(ryi))(rT)-''||,^,||(,BT)''/|U,„B|. 


For q G (2,p], one obtains {Gq) via interpolation between (G 2 ) and {Gp). For 
q G {pl, 2), {Gq) is a consequence of (G 2 )- By writing the resolvent via the Laplace 
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transform as (1 + r^L) ^ e we deduce gradient bounds for the 

resolvent in L'^, that is 

^+oo ^+oo —t 

Jo Jo ry/t 

Denote i/) := (/? or i/) := x i—)■ (1 — ip{x))/x'^^, and consider A(x) = '0(^)(1 + ^'^)- 
Hence 

7p(r'/L) = (1 + r‘^L)~^X{ry/L) 

and therefore 

\\mrVL)\\ q^q < ||r(l + rY)-‘||,^,||A(rVL)|| 

q-^q ^ r-‘||A(ryL)|| q^q- 

Observe that A G iS(M) since <yc(0) = 1 and (p'{0) = 0. By a functional calculus 
result (see e.g. m), we then have 

sup \\X{rVL)\\g^g<l, 

r>0 

and consequently, 

||rV.(ryL)||,^,<r-A 

Coming back to fl3.4p . we obtain 

l|r/||L 9 (B) < r~^\\f\\Li{2B) + r\\Lf\\L<i(2B)- 

□ 


We are now going to give a more general version of the main result of [6]. More 
precisely, [6l Theorem 0.4] states that if X is a complete non-compact Riemannian 
manifold satisfying the doubling condition (I HDD and L is its nonnegative Laplace- 
Beltrami operator, then under the Poincare inequality (P 2 ) there exists e > 0 such 
that {Rp) holds for p E [2,2 + e). This result relies on the self-improvement of 
Poincare inequalities from |3l], but also on considerations on the Hodge projector 
that are specihc to the Riemannian setting. We give here a proof that is valid in 
our more general setting and also gives a L^^-version. 


Theorem 3.4. Let {X, p, P, L) be as in Section \n\ with L self-adjoint and L and P 
satisfying the conservation property. If for some po G [2, 00 ), the combination (Ppo) 
and (Gpg) holds, then there exists e > 0 such that {Gp) holds for p G \po,Po + e). 


Proof. Let TV G N to be chosen later. Consider / G /r), t > 0 and set 

g := e“*^/. For every ball with radius r > 0, the Caccioppoli inequality 03.31) 
together with OVTAp yields 


Br 


\ l/po 

V 


\Tgrdpi] < 




\{r^Lrgrdp 


l/po 


We know by [31] that (Ppo) implies (Ppq_k) for k > 0 small enough which self- 
improves into a Sobolev-Poincare inequality {Pp^^pg-K) (see Lemma [rT]) . Hence, for 
K small enough 




PO 


g dp 



l/po 


< 




i/(po-k) 
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We obtain in this way 
(3,5) 

1/po 


\Vgrd^^ 


Br 


< 

r\j 


2B, 


\Tgr-^dfi\ 


\ 1/(po-k) 




-1 


2Br 


\ 1/po 

lir^Lfgrdfij 


Now, for a ball of radius \/f and a parameter K > u to he chosen later, consider 

the function 

h-.= \Tg\ + c{f,B^), 

where 

inf M 2 if)ix) 

xGB - 


Vi 


is a constant. Since g = e for N sufficiently large Lemma [2.61 implies that for 
every ball Br C B^ with radius r. 


-1 


\ i/po 

lir^Lfe-^^frdV <c{f,B^). 

2Br J 


Therefore 03.51) yields 
(3,6) 


\ 1 /po 

\rgrdV < 

Br J 


2B, 


It follows that 
(3,7) 


B, 


\ 1/po 

dfij < 


\ 1 /(po-k) 

\rgr-^df^j +c(/,i?^). 


\ 1 /(P 0 -k) 
dll 


2Br 


Now for X G B^ consider the quantities 


Fp^{x) := sup 


X&BC2B 


Vi 


and 


Fpo_^{x) := sup 




\ l/po 

hp° dll J 


\ 1/(po-k) 

hP°-^dll J 


xeBc2B^ \JB 

where the supremum is taken over all the balls B containing x and included into 
B^. Then, we have 

Fpq{x) ^ Fpg_i^[x). 

Indeed, for B C 2i?^ a ball containing x, if 2B C 2B^ then we may apply 03.7p . 
and if 2B is not included in 2B^ (since x ^ B D B then r{B) cv Vi and so we 
directly apply off-diagonal estimates to have 

\ l/po 

h^^dii] <c{f,B). 

Br / 

We may apply Gehring’s Lemma (Theorem 12.21) . and we have for some e > 0 
that 

\ i/p / „ \ i/po 


\h\Pdii] 


< 


Vi 




2B 


Ih^dll] 


Vi 
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for every p G {po,Po + s)- Hence, with fl3.7l) applied for r = y/i, it follows that 

\ i/(po-k) 

\h\P°-^dp] 


Hence, we dednce that 

\ i/p 

\Te-^^frdp] < 

Interpolating the Davies-Gaffney estimates fhJGp with (Gp^) yields off- 

diagonal estimates for y/tVe~^^ and so for a large enongh integer d > 1 

(/ \ViTe-“-fr dA < m( MM(x)<(-f M-iUf dix 

By snmming over a covering of X by balls with radins y/t with the L^-bonndedness 
of the maximal fnnction, we then dednce that y/iTe~^^ is bonnded on L^, nniformly 
with respect to t > 0, which is (Gp) as desired. □ 












Remark 3.5. Using the self-improvement of reverse Holder inequality [T^ Appen¬ 
dix B], (13.Th yields for any p G (1, 2) 



So a careful examination of the previous proof shows that we have in fact the fol¬ 
lowing inequality: for every ball of radius r > 0 and every g G 



\ i/po / \ i/p 


By combining Theorem 14.31 (which will be proved later in a more general setting 
with a sectorial operator L) and Theorem 13.41 with the fact that {Rp) always implies 
(Gp) by analyticity of the semigronp and the fact that the Poincare ineqnality 
is weaker and weaker as p increases, we dednce the following statement, which 
encompasses Theorems 14.31 and 13.41 and extends both [TJ Theorem 1.3] and [HI 
Theorem 0.4]. 


Theorem 3.6. Let {X, p,r, L) be as in Section [7771 with L self-adjoint and T and 
L satisfying the conservation property. If for some Pq G [2,oo], the combination 
(Ppg) with (Gpo) holds, then there exists pi G (po, oo] such that 

{Pl,Pi) = {p e (pl,oo), (Gp) holds] = {p G (pi„oo), {Rp) holds). 


3.3. Reverse Holder property and Poincare ineqnalities. First let ns recall 
the following resnlt abont Poincare ineqnalities, proved in [T21 Theorem 6.1] 
combined with Theorem 12.31 


Theorem 3.7. Let (X,/i,P,L) be as in Section [7771 with L self-adjoint. Suppose 
that for every ball B of radius r > 0 and every function u E IF harmonic on 2B, 
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1/2 


we have 

\u — j- u < r \Tu\'^ d^ 

Then the Poincare inequality (P 2 ) holds. 

From this result we obtain 

Corollary 3.8. Let (X,/r, r,L) he as in Section [7771 with L self-adjoint. Assume 
(RHpg) for some po G (2, cxo). Then (Pp) for some p G (2,po] implies (^ 2 )- 

Proof. By [Pp) which implies (Ppo), we have for every ball B of radius r > 0 and 
every function n G P which is harmonic on 2B 

\ i/po / p \ l/po 

\Tu\P°dp\ 


B 


U 


u dp 


B 


PO 


dpj 


< 


B 


So we deduce with l\RHpA that 


if 

u — -j- udp 

■*)'"%(/ 

u — -j- udp 

\Jb 

Jb 

/ \Jb 

Jb 


PO 


\ i/po 


dpj 


< 


|rnpd/ij 


\ 1/po 


< 


£ \Tu\‘^dp^ . 


By Theorem 12.31 we obtain (P 2 ) for every harmonic function. The full Poincare 
inequality (P 2 ) then follows by Theorem 13.71 □ 

Proposition 3.9. Let {X, p,r, L) be as in Section \1.1\ with L self-adjoint and T 
and L satisfying the conservation property. Assume {Gp^) for some po G (2, 00 ). 
Then (Ppp) yields [RHpA- 

Proof. Let P be a ball of radius r > 0, and u G P harmonic on 2B. Then Proposi¬ 
tion [33] yields that (Gpo) implies a L^^-Caccioppoli inequality, so using the conser¬ 
vation, it follows that 

\ l/po 


\ l/po 1 

\Turdp) <- 

J r 


2B 


U — 


u dp 


2B 


PO 


dp 


) 


By the self-improvement of Poincare inequalities (see [31]), there exists e > 0 such 
that (Ppo-g) holds and so for a small enough e > 0 the Sobolev-Poincare inequality 
/Lemma l2.4p yields 


£\rurdfj 


\ l/(P0-£) 


Then the exponent of the RHS of such a reverse Holder inequality can always be 
improved (see [lU Theorem B.l]), so that we deduce 

\ i/po / p \ 1/2 

\ru\P°dp] 


< 


B 


2B 


|Pm|^ dpj 


which concludes the proof of ( RUp^). 


□ 
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In the Riemannian setting with L denoting the Laplace-Beltranii operator, it is 
already known that the Poincare ineqnality (P 2 ) implies a reverse Holder property 
{RHp) for exponents p > 2 snfficiently close to 2, see [HI Proposition 2.2]. We 
extend this result here (with a slightly different proof) for the sake of completeness. 
We are considering the setting of Dirichlet forms with a carre du champ P (see the 
hrst example of Subsection 12 .ip . see also [SH] and [12] for details. 

Proposition 3.10. Let {X, fi,r, L) be as in Section \TA[ and assume that L gener¬ 
ates a strongly local and regular Dirichlet form such that {X,d, fi,S) is a doubling 
metric measure Dirichlet space with a carre du champ P and that fll.ip and (P 2 ) 
are satisfied. Then there exists e > 0 such that {RHp) holds for every p G (2, 2 + e). 

Remark 3.11. Note that the proof only reguires the conservation property for P 
and not for the operator L. 


Proof. Let Pq = be a ball and / G P be a function, harmonic on 2Po- 

Then for every sub-ball P C Pq of radius r < ro, consider a Lipschitz function xb-, 
supported on 2P, equal to 1 on P with ||Pxb||oo ^ We have (by using the 
Dirichlet form structure and Leibniz inequality for carre du champ P), since xb is 
supported on 2Po where / is harmonic 


xl|r/rd/i< 


/k-/. 


fdp 


Xb ILxsI |P/| dp. 


Consider q > 2 such that max(0, | — p) < ^ Then by Lemma [231 we know 
that (P 2 ) implies a Lfi-L^ Sobolev-Poincare inequality. Holder’s inequality (with q' 
the conjugate exponent of q) yields 

\ 1 / 9 ' / j- r <? \ i/q 

xi\rf\^'dpj 

Using the Sobolev-Poincare inequality, this implies 

1/2 




dp 


(3.9) 


xsir/l dp 


< 


\ I/q' 

xi\rf\^'dpj 


\Tf\Up 


'2B 


Then let us £x a ball Pi C Pq and consider {Q^)j a Whitney covering of Pi, which 
is a collection of balls satisfying in particular 

{Q^)j is a covering of Pi and {2Q^)j is also a bounded covering of Pi. 

So fl3.9l) applied to each implies 

r f ^ 

\Tf\^'dp] / \Tf\^dp 


\Tffdp 


< 




'2Q3 




'2Q3 


By summing over j, Cauchy-Schwarz’s inequality gives 

X 2/g'\ 1/2 


f \rfpd^<{Y.(f 

JBi V 1 V>/ 2 ( 


ir/Kd/i 

'2Q3 j 


\Tf\^dp 


Consequently, since q' <2 (so C £^), we deduce that 


1/2 




l/q' 


1/2 
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This property holds for every sub-ball Bi C Bq. We may then apply Gehring’s 
argument: there exists e > 0 such that 

n iTfi^dy^<n irn^dy, 

\JBo / \J2B0 / 

uniformly with respect to the ball Bi for every p ^ {2,2 + e). □ 


3.4. Boundedness of Riesz transforms in a self-adjoint setting. Let us now 

focus on the situation where L does not satisfy the conservation property. In this 
case, the use of Poincare inequalities does not seem to help and we aim to explain 
how the reverse Holder inequalities {RHp) can be used to get around this difficulty. 


Theorem 3.12. Let {X, pi,V, L) he as in Section [7771 with L self-adjoint. Ifp^ < u, 
assume in addition fl2.6p . If {Gp^) and {RHp^) hold for some pq G {2,p^), then {Rp) 
is satisfied for every p G (2,po)- 


Proof. We first assume p^ > v. We will apply Proposition 12.51 to the Riesz trans¬ 
form. Consider an even function ip G S{M.) with supp<,3 C [—1,1] and ip = 1 on 
[—1/2,1/2]. Let q G {2,po). Let / G L^{X, p), and let R be a ball of radius r > 0. 

We first check 02.21) with Ar := ip{ry/L) and T = IZ. We follow the arguments of 
[71 Lemma 3.1], adapted to our approximation operators Aj.. We use the integral 
representation 


I — ip{r\fL) 



VTip' {sVl) ds 


to write 


T(I-^(rVL))f 


< 


Tip'{sVL)f 


ds. 


Since ip' is supported in [—1, —1/2] U [1/2,1], we may repeat similar arguments as 
in [7] to have off-diagonal estimates for Tip'{s'/L) and then obtain with the 

L^-boundedness of T and 03.ip that 


(3.10) 


|r(/-^(ryL))/|2<iA 


\ 1/2 


< 


M M2{f){x) 

x£B 


which concludes the proof of 02 .2p . 

Let us now check 02.3p . again with T = TZ and Ar = ip’^{r\/Tj) 
ip{r\fL)L~^Rf. By Lemma 12.111 there exists u & IF such that h 
supported in the ball 2B and u is harmonic in 2B with 
(3.11) 

\ 1/2 / /• \ 1/2 / p \ 1/2 


\T{h-u)\^dp] 
2B J 


\VuYdp 


2B 


< 

r\j 


\vhYdp 


2B 


-\-r 


2B 


Let h := 
M G is 



Then we split, with h = ip{ry/L)L 

\V L~^^‘^ip‘^{r\fL) f\ = \Vip{r\fL)h\ 

(3.12) < |P(/?(r\/L)(h — n)| -|- |P(/ — ip{r\fL))u\ + |Pm|. 


1/2 
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For the first quantity, we use LF'-U’ off diagonal estimates of Vip{r\fL) (see Lemma 
13.ip with the support condition oi h — u and the Faber-Krahn inequality fll.ip to 
obtain 







1/2 


< 

rsj 


\T{h — u)f dfi 


1/2 


< 

rsj 



where we have used (13.111) in the last step. 

The second quantity in (13.121) is equal to 0. To see this, write 


nr nr 

{I — (p{r'/L))u = / VT/cp'(sy/L)u ds = / L~^^'^Lp'{sVTj)Luds. 

Jo Jo 

Since is an even function with its spectrum included in [—1,1], also x x~^(p'{x) 
is even with its spectrum still included in [—1,1]. By the hnite propagation speed 
property, we deduce that propagates at a distance at most s < r. 

Since u is harmonic on 2B then we deduce that 


(sL) ^^‘^‘p'{s\fL)Lu = 0 on B. 

Therefore (/ — ip{r\fL))u = 0 on H, and by the locality property of the gradient, 

|r(/- ^3(r^/I))t<| = 0 on B. 

It remains to study the last term in (13.121) . Using the reverse Holder property 
(\RHpgh and that u is harmonic on 2B gives 


i/p 

\Tu\Pdpi\ < 


B 


iFuf djj, 


1/2 

2.7..) < 


2B 


|Fhpd/i 


25 


1/2 


\Lh\‘^ dfi 


2B 


1/2 


where we have used again (I3.1ip . 
Consequently, we have obtained 


(3.13) 


B 


< 


TL-^/^ip{ry/L)f\Pdfi 


< 

r\j 


\ 1/2 

) 

\ 1/2 


\r^/L(p{r^/L)f\'^ d/i 


25 


1/2 


The hrst term is bounded by ini^^B ■M 2 {f)ix) by (13.101) . So by Lemma 13/^ with 
the assumption > u, we then conclude 

\ i/p / ^ \ 1/2 

\TL-^/^p{ry/L)f\Pdpj < \TL-^/^f\‘^dpj + MM2{f)ix), 
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which implies fl2.3p . 

We may then apply Proposition 12.51 to the Riesz transform and conclnde the 
proof of {Rp) for every p G [2,po)- 

If otherwise < u, the assumption fl2.6p implies that fl3.1ip can be improved to 

X 1/2 . ^ X 1/2 . ^ X 1/2 

\T{h-u)\^dp] +14-^ \Tu\^dp] \Th\^dp] . 

This in turn improves fl3.13l) to 

< ^ . 

where in the last step, we use the global L^-boundedness of TL~^^‘^{p{r'/L) — I) 
and the local property of P together with the finite propagation speed property. □ 

In the same spirit, we also improve one of the main result of [6]. 

Proposition 3.13. Let {X, p,r, L) be as in Section \1.1\ with L self-adjoint and 
p^ > n. Assume that for some q > 2 a reverse Holder property (RHg) is satisfied. 
Then there exists e > 0 such that {Gp) holds for p E (2, 2 + e). 

We do not detail the proof of this proposition here, since in Section [5] we will 
prove a stronger result (involving also an elliptic perturbation of the considered 
operator), see Proposition 15.21 We let the reader check that the proof written there 
in the context of a Riemannian manifold only relies on Lemma I2.1UI and so holds 
in our more general setting. 



By combining Theorem 13.121 with Proposition 13.131 we get the following result. 

Theorem 3.14. Let {X, p, P, L) be as in Section lLTl with L self-adjoint andp^ > u. 

Assume that for some q > 2 a reverse Holder property (RHg) is satisfied. Then 

there exists e > 0 such that (Rp) holds for p E (2, 2 + e). 

Remark 3.15. • According to Proposition \3.1(A our assumptions are weaker 

than the Poincare inequality {P 2 ), so the previous result improves [6l Theo¬ 
rem 0.4]. 

• We emphasise that the proof only relies on Gehring’s result [25] (which can 
be thought of as an application of a Calderon-Zygmund decomposition), and 
never uses the very deep result of Keith-Zhong [31| about the self-improvement 
of Poincare inequalities which was used in [B] . 
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4. Boundedness of Riesz transforms for non self-adjoint operators 

WITHOUT (P 2 ) 

Our aim in this section is to improve the understanding of the links between 
gradient estimates {Gp), boundedness of the Riesz transform {Rp) through Poincare 
inequalities, as initiated in [7] and [B]. Here, we focus on the case where the operator 
L is not self-adjoint, but only sectorial. 


4.1. Caccioppoli inequality. 

Proposition 4.1 Caccioppoli inequality). Let (X, p, r,L) be as in Section \TJ[ 
Assume (Gpo) for some po G Suppose p G (2,po); M eN and N > 0. Then 

for every f G V{L^) and every ball B of radius r > 0, 

(/ Ifl^dX^U lir^irfl^dpY'’ . 

\J2‘B / \J2^B / 

Suppose in addition M > |(| ~ \) + \ - Then for every f G V{L^) and every ball 
B of radius r > 0, 

(/ \f?dpY"+U \{r^L)^f\^dX" . 

\J2^B / \J 2 tB / 




Remark 4.2. The second statement is more accurate than the first one. It is 
interesting to observe that it corresponds to a localised Sobolev embedding with the 
suitable scaling, since it yields a local version of (with the standard notation for 

Sobolev spaces) with the usual condition (2M — 1) > v (l — ^. 


Proof. Let p G (2,po)- For / G R(L^), write 

/=(/-(/- + (/ - 


2M 

= y^^ckc 

k=l 




where are binomial coefficients. The statement of the proposition will then be 
a direct consequence of L^-L^ off-diagonal estimates (L^-L^ off-diagonal estimates, 
resp.) at scale r of the operators rPe"^^ ^ and rr(r^L)“^(/ —e“'’ , By interpo¬ 

lating (Gpo) with (\DG\\ . one obtains L^-L^ off-diagonal estimates with exponential 
decay for the gradient of the semigroup, and in particular for given X > 0 

(4.1) l|rre-'-“U||„,E,^L,(F) <(l + 7^) 

for all r > 0 and all Borel sets E,F C X. On the other hand, satishes L^- 

off-diagonal estimates by assumption. Composing these estimates with L^-L^ 
off-diagonal estimates for rPe”^ yields the desired Lf-L^ off-diagonal estimates 
for rPe”'’ For the second operator, one writes 

dse~^^^ ds = 2{r‘^L)Sr 



I-e 
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with 



therefore 

M 

(4.2) {r^L)-^{I - = cS^ ^ 

£=0 


From fl4.ip . we have that for s G (0, r), sFe satishes U’-U’ off-diagonal estimates 
at scale s and therefore also at scale r. Thus, 

||rrS'r||LP(£;)^.LP(F) ^ / (-) \\'rTe~^ ^\\lp(^e)^Lp{F) — 

.In / s 


< 1 + 


d{E,F) 


-N 


By composing these off-diagonal estimates with L^-L^ off-diagonal estimates for 
e~^ one obtains from fl4.2p that the operator rr(r^L)“^(J — e~^ l^m g^^^iggeg 
L^-LP off-diagonal estimates at scale r. Since N can be chosen arbitrarily, this 
already gives the first statement of the proposition. To finish the proof of the 
second statement, assume now that M > ^(^ — -) + 1:. Let i? be a ball with radius 

' I ^ I p' I 

r, let 2 < qi < q 2 < p. Then off-diagonal estimates for sTe"^ ^ yield 

(£ lrrsjl« < [ {rf (£ |.re--/|» ^ 



under the assumption that — ^) < 1. An analogous computation yields 



under the assumption that i/( A — ^) <2. By iterating these off-diagonal estimates, 
we obtain that rTS^ satishes L^-U’ off-diagonal estimates. We hnally combine 
these estimates with L^-L^ off-diagonal estimates for e“'’ we then get LP'-L^ off- 
diagonal estimates for the operator rr(r^L)“^(J—representation 

ira . □ 
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4.2. Boundedness of Riesz transform under conservation property. Let us 

first state an improvement of one the main results in [7j: the point is that we are 
able to replace (P2) by the weaker assumption (Pp^) for pq > 2. 

Theorem 4.3. Let {X, p, L, L) be as in Section ULTl with the conservation property 
for both r and L. Assume for some po G [2,p^) that the combination {Pp(f) with 
(Gpg) holds. If Po > 2 then (Pp) holds for every p G {pl,Po)- If Po = 2. then there 
exists £ > 0 such that (Rp) holds for every p G {pl, 2 + e). 

Remark 4.4. Forpo < v, where v is the exponent in ^VDy\ , (Ppo) is not necessary 
for (Pp) to hold for every p G (IjPo)? os the example of the connected sum of two 
copies ofEA shows (see m). 


Remark 4.5. In [T^ Theorem 6.3], it is shown that if L is self-adjoint then (Gp) 
with (Pp) for some p > 2 implies (P2). This argument goes trough a (perfectly) 
localised Caccioppoli ineguality. In the case where the operator is not self-adjoint, 
such an ineguality is unknown. Even if we are showing a weaker version with off- 
diagonal terms (Proposition \ 4 .l\j , it is not clear how this would allow us to adapt 
the arguments of [12] in order to obtain (P2) from {Gp) + (Pp). 

So as far as we know, Theoremis a real improvement with respect to [7| . 


Proof of Theorem 14.31 We only consider the case po > 2. The case Pq = 2 can be 
treated similarly. We apply Proposition 12.51 to the Riesz transform IZ := TL~^P. 
Let q G (2,po), and let P G N with D > j. Moreover, let / G L‘^{X,p) and P be a 
ball of radius r > 0. For t > 0, denote 


P/“> :=/-(/ 


-tL\D 


We check in two steps the assumptions of Proposition 12.51 for T = P and Ar 2 = 

P(f. 

Step 1: Checking of (12.21) . 

Following [T] Lemma 3.1], which only relies on the Davies-Gaffney estimates 
(]P(T|1 . we already know that (12.21) is satished for T = P and Ar 2 = P^^\ More 
precisely, it is proven that 

(4,3) (]£ \rL-^'p - \ffdfj ' , 


which in particular yields (12.2p . 


Step 2: Checking of fl2.3p . 

Let us now check fl2.3l) . again with T = P and Ar 2 = P^^\ which is 

1 

(4.4) {£ lrL-‘Pp;Pfl'’d^') ' < mf [M 2 (rL-‘Pf)M + Al2(/)(i)] . 

By Lemma 14.61 and Remark 14.71 applied to 5^ = L~^Pf and M G N with M > 

|(^ + 1), we deduce that 

(4.5) 

{j-^ \TL-^/^Pl^^ffdi^ ' < \TL-^/^Pl?^ffdi^ ' + 5 ^ 2 -'^ {j-^J{r^L)^-^l\-^"^frdp 
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Let US now estimate the two quantities. We get from fl4.3p 

(4.6) < inf [Af 2 (rL-‘''T)(U + M2 (J)(x)] . 

x£B 


Moreover, by covering 2^B with approximately 2''^ balls of radius r, we obtain from 
Lemma 12.61 

(/ i(rT)"->'v^ur<ih'" <2^‘"siip (/ i/rdpV'^' 

\J2^B / QBB \Jq } 

< 2"-' inf Al 2 (/)(x). 


Consequently, plugging these two last estimates into (14. 5 h with N chosen large 
enough, we deduce 

(£ |rL-‘'T™/|Vp^ ^’< inf [M2{rL-'/^f){x)+M2(mx)], 

which is fl4.4l) . In this way, we obtain fl2.3p . and the proof is complete by Proposition 
12.51 To be more precise. Proposition 12. Sl implies that the Riesz transform is bounded 
on L^{X, /i), for every p € (2, q) with arbitrary q G (2,po)- n 

Lemma 4.6. Assume the conservation property for L and P as well as {Gp^) and 
(Ppg) for some po G [2,p^). Suppose N > 0, and M e N with M > + 1). If 

Po > 2, suppose p G [2,po)- Then for every g G V{L^), every t > 0 and every ball 
B of radius \/t, 

2-^^(-f \{tL)^e-^^g\P°dp 

\J 2 ^B 



If Po = 2, then there exists e > 0 such that the same property holds for every 
p e {2,2 + e). 

Remark 4.7. As we will see in the proof, the operators \/tVe~^^ in the LHS and 
RHS can be replaced by y/iVP^^^ for any integer D. 

Proof. We only consider the case po > 2. The case po = 2 can be treated similarly 
with Po = p = 2, since we already have Davies-Gaffney estimates (IPCp by assump¬ 
tion. Let g G T>{L^), let P be a ball of radius ^/i. From Proposition 14.11 with the 
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conservation property, we then have for every r G (0, ^/r) and every ball <Z B 



where M E N, and iV > 0 can be chosen arbitrarily large. Using {Ppo), which 
self-improves into for k small enongh (see [M]), and Lemma [231 we dednce 

that for K > 0 small enough and p E {po — K,po), we have 



^ / r \ 

\Te-‘hjr-‘diA 

A —n 2-^ Br / 


We thus obtain, up to changing iV to some other parameter iV (but which can still 
be chosen arbitrarily large), for every r E (0, y/t) and every ball Br G B 


(4.7) (/ |re-“9|'’dh ^’’<^2-“' (/ |re-"-jr-"dh 

\J Br J £>0 \y 2^ Br J 


\ 1 /(P 0 -k) 


-1 


2 ^Br 


\ 1/po' 


Now consider the function 


h,= \Te-^^g\+c{g,B), 


where 


(9, B) := 2-“ (/ |((L)"e-"-9r ifi) 

£>0 \J 2 ^B J 


\ 1/po 


is a constant. We have by using (jUP^j ) and r < y/t 

2M-1 / /7\ Upo 


-I 


2^B, 


\ 1/PO 

\{r^L)^e-^^grdpj < ^ 


Vi 


Vi 


t 


- 1/2 




|(«L)"e-“9r"d9 

2 ^S / 

\ 1/po 


\ 1/po 


choosing M > |(^ -|- 1). Therefore fl4.7p yields 

/ iTe-^^glPdpV" < dp 

.P Br / ‘2.^Br 


1/(jPq-k) 


+ c{g,B). 
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Since c{g, B) is a constant (and it is also equal to any of its average), it follows that 

\ l/p / /• \ 1/(po-k) 


(4.8) 


7 h-d^) < 5 ^ 2 -“(/ 

,J Br J £>0 \J‘2^Br 




Now for X G 2B, we consider the quantities 


Fp{x) := sup 


dfi 


i/p 


xeBrC2B \JBr 

where the supremum is taken over all the balls Br containing x and included into 


2B and 


Fpo_^{x) := sup 


X&Br \J Br 

We have proved that for every x G 2B 


\ 1 /(P 0 -k) 

:= Mp^-JJi]{x), 


< Fp^_^{x). 

We may then apply Gehring’s Lemma (see Theorem 12 .21) . and we deduce that for 
some e > 0 

/ r \l/(P+e) / r \ 1/P 

u \hr’d^] < u ih^d^] . 

By the self-improvement of reverse Holder inequality (see [121 Appendix B]), we 
deduce that 

In particular due to the dehnition of h, we have 

(Jjre-“-g\’’+‘drj '” < (Jjre-“-g\^drj ' +c(j,B), 

which is the desired inequality. □ 


5. Boundedness of Riesz transforms under elliptic perturbation 


Consider (M, d, p) a doubling Riemannian manifold (satisfying (|I/D^D ), equipped 
with the Riemannian gradient V and its divergence operator div = V*, such that 
the self-adjoint Laplacian is given by A := divV and for every /, (? G T’(A) we have 


fA{g)dfx= / {Vf{x),Vg{x))T,Mdfx{x), 


' M 


’ M 


where T^M is the tangent space of M at x. 

Let A = A(a;) be a complex matrix - valued function, dehned on M and satisfying 
the ellipticity (or accretivity) condition 

(5.1) A|7p < 3?(A(a:)7,7) and |(A(a:)7, C)| < A|7||CI, 


for some constants A, A > 0 and every x G M, 7; C ^ T^M. 

To such a complex matrix valued function A, we may dehne a second order 
divergence form operator 


L = LaI := -div(AV/), 
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which we first interpret in the sense of maximal accretive operators via a ses- 
quilinear form. That is, T>{L) is the largest subspace contained in ;= 'P(V) 
for which 



{AVf,Vg) dp 


<C\\gh 


Wg e W^’^, 


and we define T/ by 

(Lf,g)= [ {AVf,Vg)df^ 

J M 

for / G T>{L) and g G W^’^. Thus defined, L = La is a maximal-accretive operator 
on and T>{L) is dense in 

Let us motivate such considerations. Consider on the manifold (M, d, g) two 
complete Riemannian metrics Go = (, )o and G = (,). Assume that these two 
metrics are quasi-isometric in the sense that the associated lengths | | and | |o on 
tangent vectors satisfy 


Ci\v\t^M < |n|o, < C2\v\t^m 

for some numerical constants Ci, C2 and every x G M and tangent vector v G T^M. 
This implies (see m and [201 Section 4]) that there exists an automorphism A = 
{A{x))x£M of the tangent bundle TM such that for every x E M and u,v E T^M 

{A{x)u,v) = {u,v)o. 

Moreover, the matrix-valued map A satisfies the ellipticity condition flS.ip . So 
there is an equivalence between the two points of view: to perturb the Laplace 
operator through the map A and to perturb the considered Riemannian metric on 
the manifold. 


We denote by RHg{A) and RHg{L) = RHg{LA) the reverse Holder inequality 
property for harmonic functions associated respectively with the Laplace operator 
A, or with the perturbed operator L = La- For A and p E (2, cxo), we set 
and (Rp^a) for the L^-boundedness property of the gradient of the semigroup or the 
Riesz transforms associated with the operator L = LA- 

Let us also point out that in such a context it is well-known that (even if A is 
non self-adjoint) Lemma [2.101 holds. 

Proposition 5.1. Let {M,d,g) be a doubling Riemannian manifold with fll.ip . Let 
us assume RHg{A) for some q > 2. Then there exists £0 > 0 such that for every 
p E {2,2 + £ 0 ) and every A with || A — /d||oo < ^O; Property RHp{La) holds. 

Proof. Consider a ball Bq and a function / G R{La), Lyi-harmonic on 2Bq. Then 
using Lemma [2.101 for every ball B C Bq, there exists u E such that f — u E 
is supported in the ball 2B and u is A-harmonic in 2B. Moreover, by repeating 
the argument employed for Lemma 12.101 we have 

j \V(f-u)\'‘d^^^ j {V(/ - u), V(/ - «)) 

\^\ Jm 
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where we have used the A-harmonicity of u on 2 B (containing the support of / —u). 
Then using the Lyi-harmonicity of / on 2B, we deduce 


|V(/-n)rd/i=— / ((Id-A)V(/-n),V/)d/i 

I-d| Jm 

<M-Id|uf/|v(/-«)pdh 


IV/pd/i 


B 


1/2 


Hence, 


Then 


\ 1/2 

|V(/-n)|2 d/ij < P-Id|l. 


\ 1/2 

iv/rd/ij 




/ |V(/- 

J2B 


i/g 

ivni^d/i) +a 




1/2 


<Co -f |Vn|d/i +aP-Id|l 


2 B 


lV/pd /1 


2 B 


1/2 


where Co is the implicit constant in RHq{A) (which self-improves into & 
reverse Holder inequality, see Remark I2.9j) and Cy is a constant only depending on 
the doubling condition Consequently, 

(^£|V/rd/i^ ' <Co(^^^|V/|d/i^+Co(^^^|V(/-n)pd/i^ ' 

+ C.||H-Id|U(^^^|V/| 2 d/i^ ' 

<Co(^^|V/|d/i)+(Co + C,)||H-Id|u(^^|V/|2d/i) ' . 

Then consider e\ = r/(Co + Cy)~^ (for a small parameter r/, to be hxed later) and 
assume that ||H — Id||oo A We obtain 


The previous inequality holds for every balls B G Bo. 

Then let us £x a ball Bi C Bq and consider {Q^)j a Whitney covering of Bi, 
which is a collection of balls satisfying in particular 



{Q^)j is a covering of Bi and {2Q^)j is also a bounded covering of Bi. 
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and by applying 


to each , we get 


|V/|2d/i<2C2 


Bi 


\Bi 




2Q^ J \Bl\^ 


iV/pd/i 


2Qi 


Since { 2 Q^)j is also a bounded covering of Bi, this implies, with Ci,C2 numerical 
constants, 

|V/pd/i<Ci sup (-f\Vf\dfi) +C2V^(-f iV/pd/iV 

>Bi BcBi \Jb / \JBi / 

We then choose 7] small enough such that 77^ < Hence 


which yields 


|V/| dfx < Cl sup 

Bi BcBi \Jb 

\ 1/2 


|V/|d/i) +- 


2 C 2 ■ 
2 


iv/rd/i , 


Bi 


Bi 


IV/l^d/i) < y^i sup (-f |V/|d/i) . 

/ BcBi \Jb / 


This holds uniformly for every ball Bi C Bq, in particular, we have the following 
maximal inequality 

\ 1/2 


sup 

BiCBo \JBi 


IV/pd/i) < y^i sup f/ |V/|d/i 
/ BcBi \Jb 


We may then apply Gehring’s result [ 25 ] (Theorem I 2 . 2 |l . which yields that there 
exits 82 such that 


\ 1 /( 2 +£ 2 ) 

iv/r+^M/i < 


iv/l^d/i 


2Bo 


1/2 


'Bo / 

with an implicit constant which is independent of / and Bq. The proof is complete 

by choosing £0 := min (£ 1 , £ 2 )- D 

Proposition 5.2. Let {M,d,fi) be a doubling Riemannian manifold with fll.ip and 
RHq{A) for some q> 2. Then there exists Si > 0 such that for every p G (2,2 + ei) 
and every A with ||H — /d||oo < £ 1 , Property {Cp^Aj holds whenever p^ > u. 

Proof. Let t > 0 and let Bq be a ball of radius \/f. Denote L := La- Then for every 
f E L^ and every sub-ball H C Ho of radius r < y/t, we have 

\ 1/2 / /• N 1/2 / ^ N 1/2 

Ve-^^/l^d/ij < iJ-^\Vu\^dpj + iJ-^\Wiu-e-^^f)\^dpj 

where (according to Lemma I2.10p n is a function L-harmonic on 2B such that 
e~^^f — u is supported on 2B. According to the previous proposition, we know that 
if £0 > 0 is small enough and ||A — Id||oo < £05 then RHg{A) implies RHg{LA) (for 
some g G (2, 2 -|- eg)) ami so by Remark [2/^ 

1/2 


B 


I Vuf dp 


B 


< 


< 


|Vm| dp 


2B 


2B 


Ve-*^/| d/i ) + (-f \V{e-^^f-u)\‘^dp 


-tL . 


2B 


1/2 
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Hence, 

(£|Ve-“/l"rffi) ^ |Ve-‘Ul rffi) + (JjV(,€-“■ f-u)\^d^L'^ ^ . 

For the second term, we get, using the L-harmonicity of u with the support of 
e~^^f — u and the accretivity of the matrix-valued map A, 


|V(e-*^/-w)|^d/i 


< 

rs-/ 


|HV(e ^^f — u)\^dfi= I (e f — u)L{e ^^f — u)dfi 


-tL . 


-.-tL . 


'2B 


'2B 


>2B 


< 


(e * / — u)Le ^ f djj. 


>2B 


< 


< 


([ \e-^^f-u\^d^,] ([ \Le-^^f\^d 

\J2B / \J2B 


where we used the Faber-Krahn inequality fll.ip in the last step. We deduce 

Since > u and r < y/i, the doubling property (|1/D^P yields for some q G 

1/2 


L iVtLe^^ffdp^ 


< 

rsj 


< 


< 


r 

Vt 

r 

Vt 


\ 1/9 

\ViLe-^^f\Up) 

2B J 

Vt-'’''" 


\ViLe 


2Bq 


1/9 


\ViLe-^^f\^dp 


2 -Bo 


1/9 


B 


Consequently for every p G {pi, 2) (due to L^-L'^ off-diagonal estimates of tLe 
at the scale y/t by analyticity), we have 

\y/iVe-^^f\^dp^ < (J^\y/i\/e-^^ f\ dp^ + mi^Mp[f]{x). 

The last term is a constant and independent of the generic ball B G Bq. We may 
now apply Gehring’s result (see Theorem 12.2p . which yields that there exists p > 0 
(independent on t > 0, Bq and /) such that 

-I |VtVe"‘^/pd/i) +(f \Mp[fVdp] 

J2Bq / \J2Bq J 

Using the I? Davies-Gaffney estimates for L = La (see for example [U Proposition 
2.1] for the classical perturbation argument), we have 


\ l/(2+U 

|V^Ve-*VP+^d/i < 

Bo / 


f/ \ViVe-^^f\^+^dp] 


\ l/(2+U 


< 

r\j 


\ l/(2+r?) 

M2[f]^^^dp) 
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The implicit constant in this last inequality as well as rj are independent of the 
initial ball Bq of radius y/i. Then by covering the whole ambiant space with a 
collection of balls of radius \/i such that the double balls have a bounded overlap, 
we deduce that 


\\ViVe-“-f\U+„<\\fh^„, 


where r] and the implicit constant are independent of t > 0. That corresponds to 
{G 2 +n,A)- We conclude the proof by choosing Si := min(?7,eo)- D 


In order to check the condition > u, we may use characterisations in terms of 
Sobolev inequalities. For q > 2, the scale-invariant local Sobolev inequality (LSg) 
holds if 


(iS,) 




( 11/111 +>-"ll|v/|||i) 




for every ball B of radius r > 0, every / G -F supported in B. This inequality 
was introduced in [37] and was shown, under WD\\ . to be equivalent to the upper 
Gaussian estimates for the heat kernel ^DUE\\ and UJE\ . in the Riemannian setting 
(see also [TT] and [16] for many reformulations of (LSg) and an alternative proof of 
the equivalence with (\DUE\i ). 

We deduce the following result. 


Theorem 5.3. Let (M, d, p) he a doubling Riemannian manifold with fll.ip . Let us 
assume RHq{A) for some q > 2. Assume also that (\DUE\i holds for the Laplacian. 
Then there exists £ > 0 such that for every p E (2,2 + e) and every map A with 
||R —/d||oo < £ and La self-adjoint, the properties RHp(La) and (Rp,a) are satisfied. 


Proof. Since A satishes an accretivity condition, it is known that (LSg) for —A 
implies (LSg) for La- Following the characterisation of upper estimates through 
Sobolev inequalities, we deduce that flUFED for —A implies dPUEh for La and so 
p^ = oo. We then conclude by combining Theorem 13.121 with Propositions 15.11 and 
15.21 □ 
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